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Abstract 

We perform an explicit one-loop calculation for the gravitational contributions to the two-, three- 
and four-point gauge Green's functions with paying attention to the quadratic divergences. It is 
shown for the first time in the diagrammatic calculation that the Slavnov- Taylor identities are 
preserved even if the quantum graviton effects are included at one-loop level, such a conclusion 
is independent of the choice of regularization schemes. We also present a regularization scheme 
independent calculation based on the gauge condition independent background field framework of 
Vilkovisky-DeWitt's effective action with focusing on both the quadratic divergence and quartic 
divergence that is not discussed before. With the harmonic gauge condition, the results computed 
by using the traditional background field method can consistently be recovered from the Vilkovisky- 
DeWitt's effective action approach by simply taking a limiting case, and are found to be the same 
as the ones yielded by the diagrammatic calculation. As a consequence, in all the calculations, 
the symmetry-preserving and divergent-behavior-preserving loop regularization method can con- 
sistently lead to a nontrivial gravitational contribution to the gauge coupling constant with an 
asymptotic free power-law running at one loop near the Planck scale. 

PACS numbers: ll.lO.Hi, 04.60.-in 



* Electronic address: |ytang@itp.ac.cn 
^Electronic address: |ylwu@itp.ac.cn| 



I. INTRODUCTION 



The classical theory of general relativity has been well verified since its establishment in 
the beginning of last century. However, the quantum theory of general relativity remains 
one of the most interesting and frustrating questions. From the standard renormalization 
analysis, the mass dimension of the coupling k = \/327tG is negative, which means that 
general relativity is not a renormalizable theories [1-3]. Since the quantum effects of gravity 
become important only at the Planck scale G^/^ ^ lO^^GeV, it may suggest that we can 
treat it an effective field theory 0, 5| at low energy scales. 

Gravitational contribution to gauge theories has attracted much attention in recent years. 
Robinson and Wilczek gI calculated gravitational corrections to gauge theories in the frame- 
work of traditional background-field method, and showed that these corrections can render 
all gauge theories asymptotically free by changing the gauge couplings to power-law run- 
ning. This calculation was done in a specific gauge and cut-off regularization. However, it 
was showed in Q that the result obtained in [6] was gauge condition dependent, and the 
gravitational correction to /3 function at one-loop order was absent in the harmoni c g auge. 



n 



the 



Also, it was found in [Sj that, by using gauge-condition independent formalism [9 
gravitational corrections to the f3 function vanished in dimensional regularization ll|. The 
above calculations were only involved with gauge two-point Green's function. Later, the 
authors in 12| performed a diagrammatic calculation of two- and three-point Green's func- 



tions in the harmonic gauge by using both cut-off and dimensional regularization schemes, 
the same conclusion was yielded that quadratic divergences are absent. We should note that 
all the conclusions are based on one-loop calculations at low energy scale. At or above the 
Planck scale, the above approximation may break down and new framework for quantum 
gravity is needed. In this paper, we limit our discussion at one-loop level. 



In ref. 



13], we have checked all the calculations in the framework of diagrammatic and 



traditional background field methods, and demonstrated that the results are not only gauge 
condition dependent but also regularization scheme dependent. A new consistent loop reg- 
ularization(LORE) method has been applied to carry out the same calculations il3| by 
using both the diagrammatic and traditional background-field methods. As a consequence. 



it was found in 



13| that there is asymptotic freedom with power-law running in the harmonic 



gauge condition. Further, various approaches were used to discuss similar issues 



i5i-y|. 
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In this paper, we shall use both diagrammatic approach and Vilkovisky-DeWitt's effective 
action to calculate in detail the one-loop gravitational corrections to gauge Green's functions 
and demonstrate explicitly how the gauge invariance is preserved by these corrections. In 
diagrammatic calculation, two-, three- and four-point gauge Green's functions are computed 
in a general way. We will show that the Slavnov- Taylor identities are satisfied irrespective 
of the regularization schemes. Meanwhile, we will also present a calculation by adopting 
the Vilkovisky-DeWitt's formalism in Einstein- Maxwell system. Both quadratic and quartic 
divergences can appear in the one loop corrections and thus a proper regularization scheme 
needs to be applied to handle the quartic divergences to maintain the gauge invariance. 

The paper is organized as follows. In Sec. [TTl we carry out a detailed calculation of one 
loop gravitational contributions to two-, three- and four-point gauge Green's functions. As 
a byproduct, the gravitational contribution to the /3 function of gauge coupling is obtained. 
In Sec lIIIt we apply the Vilkovisky-DeWitt's formalism to the Einstein-Maxwell system and 
show the necessary pieces to calculate the gravitational corrections to the /3 function of gauge 
coupling. In Sec. IIIIBl it is shown that the quadratic divergences are presented in a general 
way, the effects from different regularization schemes are analyzed. Then in Sec. IIII CI we 
focus the discussion on the quartic divergence which in general violates gauge invariance 
and requires proper regularization schemes to handle it. In the end, we shall summarize our 
results. 



II. DIAGRAMMATIC CALCULATION 



Formalism 



The interest of this section is based on the action of Einstein- Yang-Mills theory, 



'9 



(1) 
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where R is Ricci scalar, J-'^^^ is Yang-Mills fields strength J^*^^ = df^A'^—di^Al^—igo[A^, Ay] and 
K = V327rG. Here and after, repeated indices are summed over in the Einstein summation 
convention. We expand the metric tensor around a background metric Q/j^j, and treat graviton 
field as quantum fluctuation h^^ propagating on the background space-time determined by 

9fiu = g^iu + i^h^y. (2) 



Due to the negative mass dimension of coupling constant k = vTGttG, this theory is not 
renormahzable. 

The above expansion eq. ([2]) is exact, but the expansions of inverse metric and determinant 
are approximate by ignoring higher-order terms in reahstic calculation. To the second order 
in K, we have 



f -Kh - -K^ ( h^'^h.^ - - 
2 A \ ^ 2 



-9 = V-9 



(3) 



The above expansions are two infinite series and the truncation is up to the question con- 
sidered. We only have to keep terms of order n or when considering the gravitational 
one-loop correction to pure gauge Green's functions without external graviton line. 

For simplicity, we shall consider the case with fiat background space-time, (^^j, = rj^^, 
where 7]^^, is the Minkowski metric, (1, — 1, — 1, — 1). The lagrangian can be arranged to 
different orders of h^^, or n. In the gravity part, we work with the de Bonder harmonic 
gauge 

= - ^d^'K = 0, 

then, the quadratic terms of /i^j/ in lagrangian give the graviton's propagator, 

Graviton shall be labelled as double wiggly line in the Feynman diagrams. For the gauge 
part, Feynman gauge is used. The interactions of gauge field and gravity field are determined 
by expanding the second term of the lagrangian ([1]). And various vertex functions could be 



derived 



12|. 



B. Renormalization 



In Minkowski space-time, the lagrangian for pure Yang-Mills theory is 

- gofabc {d,At) A'PA'" - -al {fa^eA^Al) {fcdeA'^A'^) , 
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and go in the above lagrangian are bare quantities. To remove the divergences appearing 
in perturbative calculations, both A^j^ and Qq need to be renormalized, 

Z2 and Zg are referred as field and coupling renormalization constant, respectively. One can 
also incorporate renormalization into the three and four-point vertices as follows, 

^ = -^2 [d,At - d^A^Y- Zsgfabc id.Al) A'^A^^ - ^-Z,g^ (/abe^^^) [fcdeA^'-A''^) 

= -\ [d,Al - d^Alf- gU^ {d,At) A'^A^^ - -^g^ {fabeA'^Al) {U^A^^A'"') 

- ^-62 [d,A: - 9.^3 ' - 6sgfabc {d.Al) A'^A^'^ - -^5,g' {fa,eAlAl) {UeA^'^A'^) (5) 
with counterterms 

62 = Z2- 1, ^3 = 2:3 - 1, 5i = Zi- 1. 

The renormalization constants Z3 and are determined by the divergent part of three- 
and four-point gauge Green's functions. And both of them have connections with Zg due to 

gauge invariance, which is well-known as Slavnov- Taylor [28] or Ward identities, 

1/2 

= ^ = (6) 

Z2 ^2 

When fermions and ghosts come in, similar relations exist for their renormalization constants. 
The running of gauge coupling with renormalization scale /i is described by /3 function whose 
definition is 

With eq. [6l one can easily have 

9 3 d \ 

Pig) = 9f^-gj^i2^2 - = 9f^-Q^i52 - -6i). (7) 

When we consider the system described by eq. ([T]), with expanding the metric as eq. ([21), 
many unrenormalizable interactions come in. Even if we only evaluate one loop gravita- 
tional corrections to gauge Green's function, operators of higher mass dimension, such as 
D pF^^D'^ F"'^'^ , need to be enclosed in the lagrangian. In this paper, we shall limit our dis- 
cussion in the gravitational contributions to operators appearing in eq. ([5]). We label the 
contributions from graviton with a superscript k, 

= - ^3) = 9^^§-^{5^2 - l^D- (8) 



Since the interactions of gauge boson and graviton are gauge invariant, the Slavnov- Taylor 
identities should be preserved automatically. The preservation actually is not trivial at least 
for two reasons. Firstly, in the realistic calculation, a gauge condition has to be chosen as a 
gauge fixing condition which generally spoils the gauge invariance, which could potentially 
destroy Slavnov- Taylor identities. Secondly, at one or higher loop orders, divergences appear- 
ing in the loop momentum integral can also break the identities if an improper regularization 
scheme is used. We shall show explicitly that Slavnov- Taylor identities is maintained and 
irrespective of the regularization schemes as well. 

C. Diagrammatical Calculation 

In this subsection, we are going to calculate the quadratic divergences of two, three and 
four point Green's functions of gauge field. As a byproduct, we can get the /3 function for 
the gauge coupling constant. At first, the counterterms in the last line of eq. ([5]) give vertex 
functions, 

= 5TZ'{P. q, k) = gfa,cV;^'h. 5TZ: = -W'FZT^^, (9) 

^ UJce iv^'v"" - V'^V"') + (b, u) o (c, p) + (6, u) o (rf, a). (10) 

In gauge theories without gravity, the counter-terms are logarithmically divergent as the 
quadratic divergences cancel each other (with proper regularization schemes used) due to 
gauge symmetry. However, if gravitational corrections are taken into account, divergent 
behavior becomes different. On dimensional ground, it is known that quadratic divergences 
can appear and will contribute to the counter-terms defined above, so that they will also 
lead to the corrections to the /3 function. In later calculations, we will omit the logarithmic 
divergences and only focus on the quadratic divergences. 

It can be shown that at one-loop level, gravity will contribute to two- and three-point 
Green's functions as in the following Feynman diagrams. Figs. [T] and O For four-point 
Green's function, two more vertex functions need to be considered, four gauge bosons-one 
graviton vertex 

Ayig = --/nUefcdeAlAlA^^Ai Qr/'^^'r^-Zi - r^^P^^ - W^r^^^^ , (11) 
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Figure 1: Graviton loop correction to the gauge two-point Green's function. 






Figure 2: Graviton loop correction to the gauge three-point Green's function. 



and four gauge bosons-two gravitons vertex 



(12) 



Feynman rules for such vertices can be obtained by standard procedures. The vertex func- 
tions are very comphcated with many lorentz indices and hundreds of terms, and we evaluate 
the tensor contraction with FeynCalc package [41]. 

To make the results compact, we introduce the tensor type and scalar type irreducible 
loop integrals(ILIs) at one-loop level. 



and for short, use X2 and X!^" stand for X2(0) and X2'^(0) , respectively. 
After tedious calculation, the two-point function gives 



(13) 



■-Q'^'^X, + q^q.Xl" + q'^qpXl^P - r/'^'^g^g^Xf - q^Xl^' 



and the three point functions from diagrams (a) and (b) of Fig. [2] are found, when keeping 
only the quadratically divergent terms, to be 
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Figure 3: Graviton loop correction to the gauge four-point Green's function. 



At one loop level, there are a few Feynman diagrams contributing to the four-point 
Green's function as shown in Fig. [3l At first sight, the calculation of four point Green's 
function seems a frustrating task. However, after some analysis on the superficial and real 
degree of divergence, we can show that only part of these diagrams have quadratic di verg ence. 



29|. We 



Superficial degree of divergence is obtained by standard renormalization analysis 
summarize it in the Table I. Where the numbers 2, 1 and stand for quadratic, linear and 
logarithmic. 

Eventually the one-loop gravitational contributions to four point gauge Green's function 
are found to be 



rpfiupa _ 2 2 I e f 
-'■abed — y \ Jabejcde 



■2 



+ (6, v) ^ (c, p) + (6, v) ^ (d, a) 



Thus the counterterms 62, S3 and 64 are determined by the quadratically divergent part 
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Diagrams 


Superficial 


Real 


Order 


(a) 


2 


2 




(b) 


2 


2 




(c) 


4 







(d) 


2 


1 




(e) 


2 







(f) 


2 


1 


52 k2 


(g) 


4 







(h) 


4 








Table I: Degree of divergence for each diagram in Fig. [3l 
of n^ft^ T„7/ and T^^^^ , respectively. 

T^r// - ^9'Fi:Z^5l ~ 0, 

from which ^2 5*^3 5 ^^"^ '^4 determined, respectively. As there are still tensor type quadratic 
divergences appearing in the above expressions, we shall first reduce them into the scalar 
type ones. While the subtle can be hidden in such a reducing step, namely it will depend 
on the regularization schemes which spoil either the symmetry or divergence behavior of 
original theory, we shall discuss such an issue below in detail. 

Regularization: In the cut-off regularization which is known to spoil gauge and transla- 
tional symmetries, one has 



(14) 



where the superscript R denote the regularized ones. Putting these formulas into the diver- 
gent two-, three- and four-point Green's functions, we straightforwardly get the following 
results due to cancelations 

~ 0, ^3 ~ 0, ^4 ~ 0. 

Note that in gauge theories with or without fermions, the relations like eq. (fT^ will destroy 
gauge invariance in two-point Green's functions. In the dimensional regularization which 



is known to suppress the quadratic divergences, we have = and then yield the same 
results as the ones in the cut-off regularization 

82 ~ 0, ^3 ~ 0, ^4 ~ 0. 

Note that the vanishes of the above functions in both the cut-off regularization and dimen- 
sional regularization have different origins. 

We shall adopt the consistent loop regularization(LORE) method{l^ which preserves 
both symmetries aud divergenee behavor of original theories and Iras extensively been ap- 
plied to various calculations with consistent results[30l-l32|. Recently, the consistency and 



advantage of the LORE method has further been demonstrated by merging with Bjorken- 
Drell's analogy between Fynman diagrams and electric circuits and also by explicitly ap- 
plying to the two-loop regularization and renormalization of 0^ theoryfsSl. In the LORE 
method, we have the following consistency condition of gauge invariance for the regularized 
irreducible loop integrals 

K'^ = \9^uT^ (15) 

with its explicit form given by 



^ = TTCif*^ -A- A(ln-f - 7„)} (16) 



where and /i^ play the roles of the ultraviolet and infrared cut-off energy scales. Thus 
the divergent counterterms are found to be 

82 - if^^. ^3 - -/^"^^ S2 ~ ^.2X«. (17) 

which can be shown to satisfy the Slavnov- Taylor identities eq.([6]). In fact, one can easily 
check that as long as the consistency condition of gauge invariance eq. (fT5|) is imposed, the 
Slavnov- Taylor identities eq. ([6]) are preserved no matter which regularization scheme is used. 

The f3 function: Putting the leading quadratically divergent parts of 62 and 6^{ot 62) 
into eq.(l8]), we obtain the gravitational corrections to the gauge /3 function 

/9« = -9^"^ (18) 



which shows that there are gravitational quadratic corrections to the gauge /3 function when 
the LORE method is adopted to evaluate the quadratic divergent integrals, which is different 
from the results yielded by using the cut-off and dimensional regularization schemes. 
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Note that for an abelian gauge theory, there are no counterterms for ^3 and S^. Thus 

in the abehan gauge case, the renormahzation constant of gauge couphng Zg is related to 

1/2 

that of gauge field Z2 with -2^,22 = 1, the corresponding /3-function correction is given via 
f^g ~ \9I^^^2^ which leads to the same result as eq. (ITS]) . Therefore, the gravitational 
correction to the running of gauge coupling is universal for all gauge theories. 



III. VILKOVISKY-DEWITT'S BACKGROUND FIELD METHOD 



In this section, we shall apply Vilkovisky-DeWitt's background field method to Einstein- 
Maxwell system other than Einstein- Yang-Mills systerm, for simplicity. This section is 



partly overlapped with [25| about the action expansion and with [21|,|26|, 27| about quadratic 
divergences, but we shall present a complete calculation in a regularization independent way 
and pay attention to the quartic divergence which has not been discussed before. Details of 
the calculation are given in the appendix. 

For a comparison with the results obtained in 2^, we shall use the same notation. 
Especially, the De Witt's condensed index notation is used throughout below, except for 
places where an explicit calculation is given. In the appendix, a short review of the effective 
action is given. In a general gauge condition, the resulting Vilkovisky-DeWitt's effective 
action is given by 



1 



S[v\ - IndetQ-^^ + -Indet ( W,S[if] + ^Xa'x 



1 



(19) 



where Xa is the gauge condition, Q"/? is the Faddeev-Popov factor, ip is the background field, 
and VjVjS'[(^] = — T^jS,k[(f] with T^j being given and explained in the appendix. 



A. Action Expansion 

We expand the fields, ip^ = {g^u,Afj), at the flat background- fields, = {6^u,Afj), 

g^lu = + K^Mi.; A^ = Af, + a^. (20) 

and label rj^ = {h^^^ a^) as the graviton and photon fields. Due to the complicated Tfj , it is 
much simpler to work in Landau-DeWitt gauge (w = 1), Kai['p]ri^ = 0. Explicitly, we have 

XX = -{d''h^x-ldxh)+u{A^d^a^ + a>^F^^) 

K L 
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is the generator of gauge transformations. Details can be referred to the appendix. 
In this gauge, the resulting Vilkovisky-De Witt's effective action is given by 

T[0\ = S[(f] -IndetQafflif] 



+ - lim Indet ( V^V,^[^] + —K^K^m 



2n 



with ViVj5'[<y9] = — TfjS^ki'^], connection Tfj is determined by gij[f] which is 

the metric on the field space. In the resulting effective action, a parameter, v, is introduced 



for the connection term 



25| 



Sn 



1 

2n' 



(21) 



Note that both u and v are not real gauge condition parameters, and their values are 
actually fixed in Landau-DeWitt gauge, u = 1, v = 1. They are introduced here just for an 
advantage of comparing with the traditional background field method in harmonic gauge by 



simply taking u = 0, v = 0. In principle, the Vilkovisky-DeWitt formalism is app 



37 



icable in 



any gauge condition as it has been verified to be gauge condition independent 
While in a practical calculation, such a formalism becomes much simpler in Landau-DeWitt 
gauge at one loop. Therefore, we will impose eventually the Landau-DeWitt gauge condition: 
u = 1, V = 1, C, and C — t- to obtain a gauge condition independent result as guaranteed 
by the Vilkovisky-DeWitt formalism. Meanwhile, by taking u = 0, v = 0, and ^ = 
( = 1/2, we can straightforwardly read out the result in the traditional background field 
method in harmonic gauge. 

By appropriately arranging all the terms in the expanded action, we can express Sq in 
eq. (l2T]) as follows 

Sq = Sq -\- Si -\- 5*2, (22) 

which is found to be consistent with that in {25! where terms from Axd'^ttf^ in gauge condition 
are neglected for evaluation of logarithmic divergences. Later we will show that such terms 
could lead to quartic divergences and violate gauge invariance. 
The free part can be written as 

2 



So 



d X 



--h^'^nhf,^ + -hDh + 



- 1 



A i h^-'h^, - -rh 



(23) 
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with A the cosmological constant. The interaction terms with hnear on graviton /i^^, or 
gauge field have the following form 



+ ^ / (^'^ V - ^d^h^ {A-d^ax + a^Fx") 



dS 



Sii + 5*12 + S 



13 



and the interaction terms with quadratic on graviton hf^,y or gauge field are given by 

= J d'^xF^^F^p {25^"'h'{h^^ + h^'^'K'^ - S^^^hh"^) - J d^^F"^ {h^^'h^^ - hi'^^ 



d^xi -F^^F^^S"^ - F^^F'^^^-" + 



4 8 



F h„„h 



d^x 



K^V ( 1 



4 V8 



1 ^ 



4e 



d X 



C21 '^'^hctph^y + C22^a^aj, + —C2zd^a^j,d^ai, 



5*21 + 5*22 + 5'23. 



(24) 



The tensor coefficients, Cif^'^, Ci^^^ , C"^^ , C^f^'^, C22^ and C23 are functions of and 5^y, 
and they can be read out directly. The graviton and photon propagators are determined by 
5*0. And the terms in 5*1 and 5*2 will be treated as interactions between background fields 
and quantum fields. Note that 5*13 and 6*23 are proportional to w, and they result from the 
Axd^a^ term in the Landau-DeWitt gauge condition for graviton given in eq. (lE12p . We shall 
show that these two terms do not contribute to the effective action in the present choice of 
the gauge condition. 



We can write the photon propagator in momentum space as 

d'^p 



25| 



{a^{x)ay{x')) = G^^{x,x') 
and the graviton propagator as 

{hp„{x)hxr{x')) = Gpa\Tix,x' 



{2^Y 

d'^p 
(2^ 



Using the explicit result for Sq, we have 



5. 



p2 — y\ 



+ (2C - 1) 



P^Pv 



(p2 -t;A)(p2 _2Ct;A) 



(25) 
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and 



GpaXrip) 



5p(A^T)(r 



(26) 



(p2-2A) ' ^ ' (p2 _ 2A) (p2 _ 2k2^A) 

Now we are ready to check that 5*13 and S23 give vanishing quadratic divergences. In 
the harmonic gauge, w = 0, it becomes manifest. In the Landau-DeWitt gauge, ou — 1 and 
C = 0, the gauge propagator is 



p2 



Since the interactions in 5*13 and S23 have a factor of (9^a^, then p^^G^y and p^p^G^^ will 
appear in the tensor contraction, which give vanishing contributions. However, in a general 
gauge, we will encounter quartic divergent integrals hke A^^A'^ J (^^1, such a quartically 
divergent term has to be well regularized, otherwise it will violate the U{1) gauge symmetry 
due to its contribution to the gauge boson mass. We shall discuss it further next section. 

A similar analysis can be made for the effective action of ghost part. The free part can 
be written down as 



^GHO 



-I 



2 



— c^Dca - cUc 



(27) 



The interaction term with linear on gravity ghost or gauge ghost is given by 

Sghi = j d^'x^^ujc^F^xC'^ + ujc^Axnc+[cA,,^d'^'' -c'^A^^^^^ \ (28) 



and the interaction term with quadratic terms on gravity ghost has the form 
Sgh2 ^ouJ d^xi^c^Fx^ [A^yd" + A.c^''^] - [c^AxApUc'' + AxA^^pcP^^] 
From the free part Sqho, the ghosts' propagators can easily be read off 



(29) 



{cu.{x)cy{x')) = {cp,{x)c^{x')) = 



{c(x)c{x')) = A(x,x') = 



(2^ 



A(p), 



{c{x)c{x')) = {c{x)c{x')) = 



where the propagators in the momentum space are given by 

1 ... 1 



^Ap) = Hp) = ^ 
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B. One-Loop quadratically divergent contribution 



In this subsection, we shall present our results for the quadratically divergent contribu- 
tions. As a consistent check, we have reproduced the results for the logarithmic divergent 
contributions to the /3 function when the cosmological constant is includedt2S]. Here we shall 
not repeat the similar analysis and only carry out the calculation for the leading quadratic 
divergences which are encountered in corrections to jF^^^F^'^. The contributions from the 
gravity-gauge interactions to the effective action can be written as 

Tg = {S2) - liSf), {S2) = + {S22) (30) 
with the explicit forms given by 

{S21) = J d'^xC2i''''Gapp,v{x,x) (31) 

{S22) = j d^xC^^G,,{x,x) (32) 

(S^) = Jd^xJ rfVCif^^Cfr'"G«^,,(a;,a;')5^9;G,.(a;,a;') (33) 

where we have neglected the corrections in the (Sf) from the term Ci2'^ which contributes to 
high order operators. S13 and 5*23 give vanishing quadratic divergences as we have explained 
in the previous section. Thus we can expand the gauge and graviton propagators into 

G,Ap) = + (2C - 1) ^'^^ 



and 



^ + (2C-1)^ + 0(A) (34) 



'^paXryP) — ^TTT H (^K ^ — ij" 



(p2_2A) ' ^ ' (p2 - 2A) (p2 - 2k2^A) 

Sp(xSr)a - ^SpJxr ^ ,2^ ^ JpiXPT)Pa + Sa(xPr)Pp ^ 
p2 p4 

Since the cosmological constant A is of mass- dimension two, the corrections arising from 
(9(A) are only logarithmically divergent, we shall not consider its effects below. When 
the calculation involves propagators Gp_^{p — q) and Gp^xrip — q) which depend on the 
external momentum q, we will treat respectively Gpy{p — q) as G^^ip) and Gp^xrip — q) as 
GpaXrip), since the g-dependent contributions can be regarded as the higher order terms, 

15 



like d^Faj3dfj_F°'^ . With this consideration and approximation, all the remaining leading- 
contributions will only involve with the following quadratically divergent tensor- and scalar- 
type loop integrals 



X, 



2iJ,u 



74 PtJ.Pi' T 



p 



i2 ■ 



(36) 



In general, one needs a consistent regularization to make the quadratically divergent integrals 
well-defined. Without involving the details of regularization schemes, one can always relate 
the regularized tensor-type integral with the regularized scalar-type integral via the general 
Lorentz structure as follows 



02^X2^. (37) 



where the superscript R denotes the regularized integral. Here 02 may be different in differ- 
ent regularization schemes. However, by explicitly calculating one loop diagrams of gauge 
theories, it has been shown [14] that a consistency condition with 



(38) 



is required to preserve gauge invariance for X2 7^ 0. In the LORE method 1J|, the condition 
Eq. (138|) is satisfied, while the naive cut-off regularization does not lead to the condition 
Eq. fl38|) as it results to 02 = ^. The dimensional regularization is known to suppress the 
quadratic divergence and gives X2 = 0, which leads no quadratic divergence. 

With the above general relation, the quadratically divergent parts of effective action, 
without including ghost's contribution at one-loop level, are found to be 



f^'iC2i + C22)X^\ J d^xF' 



d'xF' 



(39) 



where the numerical factors are explicitly given by 

1 



C21 
C22 



[v{l-Aa2) + 6a2]iK'^ 
2 



1+3 



g(4a2-l)(2C 



1^ 



(2C - l)a2 + 1 



CO 

([2C - l]a2 + 1) + 2k^^{1 - 02) + 6a2 - Auj{1 



0.2} 



(40) 



Thus the effective action with the total gravitational field contributions is found at the 
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one-loop order to be 



Tg = {S2) - lis!) = k'CcI^I I d'xF' (41) 

Ca=^^^{v[[2C-l)-A[.H-l)\ 

+ S{k^^ - 1) - 16w - 4) +Qua2 (42) 



Thanks the cancelation of 1/,^ terms in (5*2) and (5*^) , otherwise it would be inconsistent 
when going back to the Landau-DeWitt gauge ^ — t- 0. The ghost's contribution to the 
effective action at the one-loop order can be written as 

Tgh = {Sgh2) - liSlni) (43) 

An additional sign has to be taken care for a ghost loop in the calculation, the quadratically 
divergent contributions are found to be 

{Sgh2) = -^'col^l I d'xF' ■ (S'aHi) = (44) 

which is independent of 02 in Eq. (137|) . 

Thus the total quadratically divergent one-loop gravitational contribution to the effective 
action has the following gauge invariant form 

T = ] [ d^xF^ + k'CI^I [ d^xF^ (45) 



4; M 
where the constant C is given by 

4a2 - 1 



C = Cc-uj= -\^{v [(2C - 1) - - 1)] 

+ 8(k2{ - 1) - 16w - 4) +u;(-l + 602) (46) 



Thus the corresponding counter-term is needed to renormalize the gauge field and gauge 
coupling constant. The renormalized gauge action is given by 

r = \{l + 52) I d'^xF^^F^^ (47) 

where 82 is determined via the cancelation of the quadratic divergence 82 + t^^CX^ — 0, 
namely 

82 ^ -K^CX^ (48) 
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as the charge renormahzation constant z^. is connected to the gauge field renormahzation 

1 /2 

constant Z2 = I + S2 via the identity ZeZ2 = 1, the gravitational correction to the /3 function 



is defined to be 



from which we can obtain the gravitational corrections to the (3 function 

16n 



= Th^^'(^^ (50) 



where e is the electric charge. Such a result indicates that there do exist quadratically 
divergent gravitational contributions to the gauge coupling constant for C 7^ 0. Let us now 
impose the Landau-DeWitt gauge condition v = 1, 00 = 1, C = 0? = 0, and take the gauge 
invariance consistency condition 02 = 1/2, which leads to a nonzero value for the constant 
C = 602 — 1 — 25(02/2 — 1/8) = —9/8 and results in a negative /3 function 



^•-ll^-^ (51) 

We would like to emphasize that the above result is gauge condition independent ensured 
by the Vilkovisky-DeWitt formalism, and is also independent of any specific regularization 
schemes as long as the regularization schemes preserve gauge symmetry and divergent be- 
havior. We then arrive at the statement that gravity does provide power-law contributions 
to the gauge coupling constant and tends to make gauge coupling asymptotically free. 

We are also in the position to make comments on the regularization scheme dependence. 
In the dimension regularization, one has X2 = 0, so that ^2 = and /3g = 0, it is then 
manifest that there is no quadratically divergent gravitational contributions in any case 
based on the dimensional regularization. In the cut-off regularization, one has 02 = 1/4 and 
C = 1/2, namely /3g = /i^/(327r^)eK^ which leads to no asymptotic freedom. 

As a consistent check, let us revisit the traditional background field method in the har- 
monic gauge, which is recovered by simply taking v = 0, u = 0, C = 1/2, ^ = l/n"^ in the 
above Vilkovisky-DeWitt formalism. As a consequence, it leads to 

C = 1/2- 2a2 (52) 

which becomes manifest that in the cut-off regularization, one has 02 = 1/4, C = and /3g = 

In the LORE method 02 = 1/2, 



0, which confirms the previous results given in 
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we have C = —1/2 and = — ;U^/(327r^)eK^ which confirms our previous result given in 



Eq. ([T8]) and ref. 



13|. Namely, the quadratically divergent gravitational contribution to the 



gauge coupling constant is asymptotic free in the traditional background field or equivalently 
in the diagrammatic method with the harmonic gauge. 



C. Quartic divergences 

In this section, we shall restrict ourselves to the quartic divergences that may appear in 
the calculation. The quartic divergences have a form of 

A' A, I -^^ = A^\X,. (53) 

such a term will violate the U{1) gauge symmetry without adopting a proper regularization 
scheme to handle it. 

In the gravity-gauge sector, it is easy to check that quartic divergences only show in the 
contributions from and (5*23). Both contributions are proportional to w^/.^, 

with C^f = ^'^("A^) - and d^d'^G^rix, x') = 2C6{x,x'). Here the subscript 4 

indicates that we are dealing with quartic divergence. We can show that only the terms 
proportional to n'^C, in the gravity propagator contribute to the quartic divergent term, 

^ (S!,)^ = ^2C I d'xA^A.X, (55) 

and similarly we have 

= ^2C J d^xA'^A^I, (56) 

Luckily, the cancelation occurs that (523)4 ~ I {^13)4 ~ 0- they could not cancel each 
other, we would get inconsistent result in the limit of ,^ — )■ 0. Again, we emphasize that 
we only confine our discussion here to quartic divergence. In a general gauge for arbitrary 
u, the connection term St in Eq. (lB28l) should be included as well. Since 5*^ involves S^i, 
Eq. (lE2p has only F^^, or d^F^^ in the absence of cosmological constant A, there will be no 
quartically divergent correction to A^A^ from St- 
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However, in the ghost sector there is no such a cancelation. The second term uc'^AxDc 
in eq. (l28|) . and the terms in the second bracket of eg. (1291) . —u [c^AxApOc'' + c'^AxAiy^pC^'''''^, 
originate from the interaction term uAxd^^a^^ in the Landau-DeWitt gauge condition for 
graviton in eq. (lE12|) . These two terms will give a non-zero quartic divergence. 



1{Sghi), = d^x j d'x'c'AxDccA^n/ 

-co f d^xA^A^Ii (57) 



and 



{Sgh2)^ = -^\J dS-^AxA.Uc^ 



—uj j d^xA^'A^Ji (58) 

where a sign has been added for a ghost loop. It is seen that the total contribution to the 
effective action is nonzero {SGH2)i — \ {Sqhi)^ 0; which leads to a divergent mass term 
and violates U{1) gauge invariance without imposing proper regularization schemes to treat 
such a quartic divergence. Obviously, in the cut-off regularization, is proportional to 
A^, which then destroys the gauge invariance. While the LORE method is found to be a 
proper regularization scheme as it leads Xf = 0, so that the regularized quartic divergence 
disappears and the gauge invariance is maintained. Though the dimensional regularization 
results in X^ = 0, while it also gives = 0. 



IV. CONCLUSIONS 



In summary, we have investigated the one-loop quadratically divergent gravitational cor- 
rections to gauge Green's functions both in diagrammatic calculation and in the gauge 
condition independent Vilkovisky-DeWitt background field method. As a consequence, we 
have obtained in both cases the quadratically divergent gravitational contributions to the 
P function of gauge coupling constant. We limit our discussion in one-loop approximation. 
This approximation can break down as approaching the Planck scale, where new framework 
of quantum gravity is needed. 

In the diagrammatic approach, we have explicitly performed the calculations for the two-, 
three- and four-point gauge Green's functions at one-loop level with graviton contributions. 
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We have demonstrated for the first time that the Slavnov- Taylor identities are satisfied 
for these gravitational corrections, which is found to be irrespective of the regularization 
schemes. However, our analysis has shown that the gravitational contribution to the (3 
function is dependent on the regularization schemes in the harmonic gauge condition. Both 
the cut-off and dimensional regularization schemes lead to a zero result, here the former is 
due to the accidental cancelation with the inconsistency relation X^^^ = ^g^^X2 which spoils 
gauge invariance, and the latter is due to the well-known suppression effect of dimensional 
regularization to the quadratic divergence with = 0. In contrast, the LORE method 
gives a non-zero result that render all gauge theory asymptotically free at very high energy 
scale, this is because the LORE method preserves the gauge symmetry and maintains the 
quadratic divergent behavior with the consistency condition X^^^^ = ^g^yX2- 

In the second part of our calculations, we have worked within the framework of Vilkovisky- 
DeWitt's effective action which is gauge-condition independent. We have shown in a regu- 
larization scheme independent way that there is in general quadratically divergent gravita- 
tional contributions to the gauge coupling. It is interesting to notice that when reducing to 
the framework of traditional background field approach with harmonic gauge condition, we 
arrive at the same results obtained in the diagrammatic approach, which shows the equiv- 
alence between the diagrammatic approach and traditional background method. We have 
found that in any case the symmetry-maintaining and divergent-behavior-preserving LORE 
method leads to an asymptotic free power-law running of gauge coupling at one-loop near 
the Planck scale due to quantum gravitational contributions. In particular, we have paid 
attention to the treatment on the quartic divergent effect which in general violates gauge 
invariance, again the LORE method is found to be a proper regularization scheme to handle 
the quartic divergence for ensuring gauge invariance. 

Note added: At the final stage of this work, there is a preprint 42|], which also discussed 



the Einstein-Maxwell system. Ward identities and Vilkovisky-DeWitt's formalism. Part of 



our calculation on quadratic divergence is confirmed by 



42| using proper-time representation. 
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Appendix 

In the following appendix sections, we are going to present a concise overview for the tra- 
ditional and Vilkovisky-DeWitt's modified effective action for completeness and convenience. 



The introduction of traditional effective action can be found in the standard textbook 

n 



The original idea of Vilkovisky-DeWitt's effective action was presented in 9|, [lO|. For a 
pedagogical review on this topic, the readers are referred to the articlejs^ and references 
therein. 



29|. 



Appendix A: Traditional effective action 

We begin with a brief description of the traditional approach to define an effective action 
for non-gauge theories. Let S[ip] be the classical action for the theory, then the generating 
functional Z[J] in the presence of external currents for the n-point Green's functions is 
defined by 

Z[J] =J\f Jv^expi {S[<^] + <^'Ji] (Al) 
where the functional integration measure is 

V^=(jjd^'^ (A2) 

is an irrelevant constant for normalization and will be neglected below. Z[J] has a 
physical diagrammatic picture that it is the the sum of all vacuum-to-vacuum amplitudes, 
including both disconnected and connected diagrams. For the connected Green's functions, 
it is useful to define another generating functional, W[J] , with 

W[J] = -i\nZ[J] (A3) 

For One-Particle-Irreducible(OPI) diagrams, one can go one step further. Define the back- 
ground fields as 

_ ^ (out|y-(x)|in), ^ ^6Z[Jl ^ 6W[J] 

(out I in) ^ Z[J]6J'{x) 6J'{x) ^ ' 

Now, the quantum effective action T[ip] is defined by the Legendre transformation of Vr[J], 

T[^]=W[J]-ip'Ji (A5) 
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It can be shown that satisfies the equation 



-Mx) (A6) 



and T[ip] is the generating functional for OPI Green functions. In the functional integral 
representation, we have 

expzr[(^] = J V^pexpi {S[lp] + (yj* — (^*) Jj} 

= |p^exp.|5[y.]-(/-^0^} (AT) 

Both sides of the above equation have T[(p], so it will involve an iterative procedure to solve 
the equation in perturbative expansion. For example, to get T[ip] at one loop level on the 
Left-Hand-Side(LHS), we can replace the T[ip] on the Right-Hand-Side(RHS) with its tree 
level value S[ip]. 

In the background field approach, one expands the fields (p^ as the sum of background 
fields and quantum fields t]\ 

f' = ^' + v'- (A8) 

To get the one-loop effective action, only the quadratic terms of 77* in the exponent need to 
be kept. 



expir[^] = J Vr]expi!^S['f' + r]']-r]'^^^ 
= exp^^[^] J Pr^exp^|-r^ j-^r^^ 



then, the effective action T[(f] is given by 



r[^] = + -IndetSij (A9) 



Appendix B: The Vilkovisky-DeWitt effective action 

The above formalism for defining quantum effective action has the problem that it de- 
pends on the parametrization of (p' = <f'{ip) [9]. Suppose S[(f] is a scalar under the transfor- 
mation = ip'{(p), so should be expected for T[ip]. However, in a different parametrization 
if' = (p'{(p), the effective action will be changed 



r'[^'] = 5'[<^'] + ^lndet 
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(Bl) 



Since 5"[(^'] = S[(p], eg. (IBID will be different from eq. (lA9p at one loop level already. To 
solve the field parametrization dependence, Vilkovisky (ol suggested that we might regard 
the field space y)* as a manifold M which is associated with the metric Qijlf], connection 
r*^, treat the field y?* as the coordinates on this manifold, and define the effective action in 
■;erms of parametrization invariant quantities. Later, DeWitt discussed this issue further in 



10|. In the following, we shall follow the discussion in ref. [345 where a complete and clear 



discussion was given. 

Define the two-point function or world function 

1 



35|, 



<j[(Pi,; f] = -(length of geodesic from (p^^to ipY (B2) 



and 



A^.-M-9'>a'-^ (B3) 

(T*[(y9*; if] is a vector and tangent to the geodesic line on the field space that connects Lfi, and 
if. (J^['-Pir'i V^] can be expanded in powers of 77* = — (^*, 



cr^[^.; ^] = -ri' + Y. ^^'n-uV'' " " " V'", ^',k = T}, (B4) 
z — / J 

n=2 

where (p^ is an arbitrary point at the moment. Then the generating functional eq. (lAlO is 
modified to be 

Z[J] = J dfx[(f^;Lp]expi {S[(f] - Jia'[Lp^]Lp]} = expiW[J;(f^] (B5) 
where the measure 

J[(Pi,] is the Jacobean factor, which is irrelevant at one loop order. S[ip] is treated as 
functional of ip^, and cT*[<y9^; ip], S [ip^,; c^lfi,', <f]] is defined by covariant Taylor expansion, 

n=0 

then Z[J] of eq.f lBSI) can be regarded as the generating functional for Green function of 
(j'[</9^; if], but we are more interested in Green function of Define (f and through 

^ a^^; ^] ^ (a^.; ^]) = (B7) 
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Similarly, the corresponding effective action then is 



f [if^- a'[i^^; = W[J; + Jia'[ip^; ip], 



(B8) 



df^lp^; p] exp i <j S[(p] - ^ {a'[pp, p] - v') 



(B9) 



By expanding the functional S [pp, cr*[(y9^; ip]] at cr* = 



S[pp,ayp,p]] =S[pp,v'']+J2 



n=0 



n! ov^^ ■ ■ ■ Of*" 



(BIO) 



where the expansion coefficients are connected to those of covariant Taylor expansion 

m=n+l 



(5v*i • • • 

Then at one loop level, the effective action is given by 



(Bll) 



t [pp,a'[pp,p]] = S [pp,a'[p^;p]] + -Indet 



.kr . S'S[pp,v^] 



(B12) 



When p* is arbitrary, we can take the limit p and f * — ?■ 0, then we have 



Sv^^ ■ ■ ■ Sv^" 



(B13) 



D=0 



and the effective action 



T[p] = t [p; a'[p; p!]] = S [p; (t'[p; p]] + -\ndet 



^ 5f^5f.- 



D=0 



5[<^] + -lndet \^'VjS[p\] 



(B14) 

The above formalism can be generalized to multi- loops jsj). 

For gauge theories, some modifications are needed. Let S[p\ represent the classical action 
functional for a gauge theory, it is gauge invariant under the transformation 



5p' = KM5e\ 



(B15) 



with Kl^[p\ regarded as the generators of gauge transformations and (5e" infinitesimal pa- 
rameters. S[p\ is gauge invariant in the sense of 



S,5p' = S,Kl[p\5e^ = 0, V 5e^ =^ S,Kl 







(B16) 
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To quantize gauge theory, a gauge fixing condition has to be imposed, for instance, [v^] = 
where /" is independent of Since we want to fix the gauge field, the gauge condition 
then should not be gauge invariant. Then require x'^[v + ^v] = X'^Vp] hold only if (5e" = 0, 
one has 

X'^A^WpWe^ = Q%We^ = (BIT) 



Then det is usually called as the Faddeev- Popov factor j36|. In Path- Integral quantiza- 
tion, for a field space M that has gauge symmetry G, we only have to integrate the gauge 
nonequivalent field configuration on the reduced field space Ai = M/G for the generating 
functional, and use Qij and P*^ on A4 to define the gauge and parametrization invariant 
effective action. However, it is usually more convenient to work in the whole field space M 
by i„sert,„g Faddeev-Popov factor detQ", a„d gauge condition , |x" - /"] into theintegral 
measure and expressing cjij and P*^;^ on A4 in terms of gij and P*^ on M, with [9|, 110| 

-Qij = gij - K.^r^Kjp, 7a/3 = K9^JKj, (B18) 
ff,. = Pf^. + Tt^ + K'^A^^ (B19) 

where A% = Af- is arbitrary. P^- is different from Pf- by two additional terms, T-*;- and 
K^A'lj. It will be shown later that K^A'^j term will not contribute to one loop effective 
action because of the gauge invarance of S and then to any order P by induction. Choose a 
gauge fixing condition, = then the effective action is 



exp it [lp^; v'] = J d^i[ip^] ip\5 - /"] det Q"^ exp i 



(B20) 



Physical results should be independent of this choice of f"^, so we can insert the integration 
with J P/"exp [2?!^"^'^] ^^"^ ^ Gaussian average over Integrate /" first and use 
5 [x" — /"], exp \j^f^ fa\ is turned into exp [211 ^°^^"] ' then at one-loop approximation the 
effective action is given by 

P[<^] = S[^]-i\ndetQ% + ^Indet {v'V ,S[ip\ + ^Xa'x",,) (B21) 

where VjVjS'[(^] = — T^jS^k[0\- The corresponding effective action with Euclidean 

metric is 

P[^] = S\^] - IndetQ"^ + ^Indet {v'V ,S[^] + ^Xc'W^j (B22) 
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To calculate the above effective action, one can either use the standard procedure, 
In det £) — > Tr InD and expand InD in series, or equivalently rewrite the determinant back 
to the functional integration I25I . 



G 



1 In det (v%-^[^] + i^x.'^x" , 



— In / Vr]e~ 



1 



r 



GH 



- In det Q^(3 = J PcDc] e"^^^ 



(B23) 
(B24) 
(B25) 



with Sq = So + Si + S2 in eq.(|B23p and Sgh = VaQ^'nV^ = Scm + Scm + Sgh2 in 
eq. (lB25p . The subscripts on S denotes the order in the background field (p. Tgh is the ghost 
contribution with Cq, and are anti-commuting ghost fields. At one loop order, we have 

1 



G 



In / Vrje 



-Sq — Si—S-z 



- In y Pr/e"-^" + 
{S2) - \ {Si) 



— In y Vi] 
JVr^ [S,-^,S!]e 



I-S2 + -Sf 



"So 



-5o 



■5o 



(B26) 



where ~ means that we have ignored the irrelevant infinite constant. Similarly, for the 
ghost's part, we have 



GH 



{Sgh2) - - (Sghi) 



(B27) 



Note that the connection terms T^jS^k and AijK^S^k in eq. (lB23P can be written as j40| 

1 



St = ~v'Tt,S,,v' = {ri'K^)Kl^S^u{v' - I^'K^KD 



Sk = --v'AjK'^S,kV' = 0, since K'^Sj 







(B28) 
(B29) 



For the sake of St, we will work in Landau-DeWitt gauge condition [3?]] which has the 
following feature and can simplify the calculation significantly 



Xc 



S' 



T 







(B30) 



This means that the difference between Ff,- and Tf, does not contribute to the effective action 
at one loop. For multi-loop result, this is only true for special case that the metric gij doesn't 
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depend on the field 99* 3J, |37|. In this gauge, we can use the representation of (5-function, 



5\x"] = hm 



det 



4^ 



exp 



(B31) 



Then at one-loop order with Landau-DeWitt gauge, the effective action is given by 



S[(p] - IndetQa/sb] 

+ i Ihn Indet (w,S[^] + l^KimKfm 



(B32) 



with ViVjS'[(^] = — T^jS^ki'^], -here the Christoffel connection T^j is determined by 

Qijlf]- Note that if any other gauge condition is chosen, Eq. (1B32P will not be true and 
the complicated form will replace it with the full T^j, Eq. (lB19p . It is noticed that the 



connection term T^jS^klf] distinguishes the Vilkovisky-DeWitt's method from the traditional 



background-field method. Also, Q in Landau-DeWitt gauge has to be enforced to at the 
end of calculation since it has a different origin from the Q in Eq. (lB22p . 

In this appendix, we shall give the useful formula in our calculation. We also show 
the details of our computation of the Christoffel connection in the field space, r*^ and the 
functional derivatives, S^i and S^ij in a general background space-time. The classical action 
functional of Einstein-Maxwell theory with Euclidean metric is 



S = S 



M 



s, 



G 



d'^x\g{x)\2 



(B33) 



with F^i, = dfj^Ay — dpA^ and 
cosmological constant, and 



327rG', G is the Newton's gravitational constant, A is the 



G 



d^x\g{x)\^{R-2K), 



(B34) 
(B35) 



and Riemann tensor 



afiu 



(9 FP ~ d V 



-pp -pX 



-Q 
2^ 



pX 



dgpx ^ dgyx 



dg, 



p,v 



dx^ 



dxP dx^ 



(B36) 
(B37) 



Although we use the same symbol F^^, it should not be confused with the connection F*^ 
on the field space. The action eq. (IB33p is invariant under general coordinate and U{1) gauge 
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transformations, 

Sg^,u = -Se^Qi^^^p - Se^^u^Qpy - Se^^^Qp,^, (B38) 

SA^ = -Se^A^,, - 5e\^A, + 5e,^. (B39) 

Both the general coordinate and C/(l) gauge transformations affect the gauge field, shown 

above. Write the above transformations in the form of (5</7* = K'^a^e"' where = {Qtiv, Ap) 
and e' — (e'^, e), explicitly, we have 

The generators K^^ for symmetric transformations defined above are given by 

x') = [-gp.,p{x) - 2gp^p{x)d,)\ 5{x, x') (B42) 

K9^^^i^){x,x') = (B43) 

K^^^^\{x, x') = [-Ap,p{x) - Ap{x)d,] 5{x, x') (B44) 

K^^^''\x,x') = dp6{x,x') (B45) 



The parentheses mean the symmetrization over enclosed indices. 5{x,x') has the following 
features 

The explicit form of b(x^x'^ is not important here, all we need in the calculation are the 
features above. It can be shown that of the following form can satisfy the above 

features 

b{x^x') = 2 5(a; — a;')|gi(a;)|~2 or simply — x') 

where b(x — x') is the usual Dirac 5-function in flat space-time. We will not rely on this 
explicit form of d{x,x') in the calculations. 
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Now we should choose a proper metric on the field space. At first sight, the metric seems 
arbitrary. It is suggested in j^, [ssl that there are several guidelines or rules for the choice 



of the metric being unique, the effects of metric have been discussed in [39| when relaxing 
one of the rules. The metric on the field space Gjj, can be defined by the line element, 

ds^ = Gijdif^dLp^ , 



ds' 



d'^xd'^x' {Gg^^(^cc)gp^{x')dg^,u{x)dgpa{x') + GA^{x)A,{x')dAp{x)dA^{x') } (B47) 



where the metric has the following form 25] 



G 



K 



-Mx)\^ U^'g''^ -\g^''g'"'\ 5{x,x') 



Ga^{x)a,{x') = \g{x)\2g^"'{x)6{x,x') 



The inverse metric is 



qA^{x)Ai,(x') 



f^^\9ix)\ 2 (^^,[pga)u - ^gf^ugpa^ S{x,x'). 
\9ix)\'htiuix)6{x,x'). 



(B48) 
(B49) 



(B50) 
(B51) 



The orthogonal relation G^^Gjk = SI reads explicitly as 

rf4^,^,,.(.).,.(x')G^^^(^,^^^^(^„^ = S}^K)Six,x") (B52) 
(iVG^-(^)^''(^-')GA,(,.,)A,(x") = 5P5{x,x") (B53) 

Using the metric and inverse metric on the field space, we can determine the corresponding 
Christoffel connection through 

6Gii 6Gji 6Gi 



6ip^ 6(p^ 6ip^ 



(B54) 



Below, we show the details of the tedious calculation for the F^^-. 
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Appendix C: Christoffel Connection on the field space 



In this section, we present the details to calculate the Christoffel Connection on the field 



space 



25] . Some useful formula for derivation are listed below 



6:6ix,x'), = = = 



5\g{x)\ 



5A,{x') 



-g>^^{x)g'"^{x)6g,^{x), 
1 



6g'"'{x) 



SgpAx') 
6\g{x)\^2 



g>'iPg-)'^S{x,x') 



(CI) 

(C2) 
(C3) 



\gix)\-^g^-ix)6ix,x') (C4) 



We can calculate the first non-zero component of Christoffel connection, 



Ax{x')Arix") 



5G 



A:,(x')Ar{x") 



X) 



1 



t^5l5l^5{x,x')5{x\x") 



(C5) 



Note that there is a missing in the corresponding equation in |25|, but the final expanded 
action there includes the back. In deriving the above equation, we have used G'9m'^(^)^p(^) = 



0, G'(,,^4x)gp„(s),Ar(x') = and 



5{\g{x')\^g^^{x')) 



Sgpa{x) 

The next non- vanishing component is 



■^Af,(x) 

Auix')gafi(x") 



\gW)\ 



g^^'g"^^ - \g"'g^' 



x) 



(C6) 



(l'^^_QAt,(x)Ax(x) 

2 



5G 



A^{x')Ax(x) 



Sgaf^ix") 
5(a:,x05(x^x'') = ^;;;g,)^^(.,) 



(C7) 



and the most complicated component is 



(^4^ l(^9Ar (3:^)90/3(3:^) 

2 



6G. 



Sgpa{x") 



Sgf^Ax') 



9^ll^{x')9pT{x") 

dg^pix) 



This quantity is well-known in the literature, for instance 



(C8) 



37| . here we show the details as 



a check of our calculation. To calculate the above expression, using eq. (lB48p and eq. (lC4p . 
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we can work out the first term in the bracket 



2h? 



5{x' , x")6{x' , x) \g{x') \ 



2k^ 



x")6{x' , x) \g{x') \ 2 



+—6{x',x")6{x',xMx')\-^ 
which can be rewritten symmetrically 



gK^gPW g"'^ g'^'^ 



g"" + g^^g'^^'^g'^^" 



g^P + g^'''g<^gP)P 



gP<r + g^^gP^^gP)'' 



SG 



= ^^5{x',x")5{x',xMx't^ 



5gap{x) 



.-gp^gp-g-p + g""^ g'^' g''^'' + g^'^g'^'^g^^" 



+ g^^g^^^g^^" - g^'^g'^^'^g^^" - g^'g^^'^g^^" - g'^^g^^'^g^^" - g^'g^^'^g^^" 



We can see that the tensor structure is symmetric under /i-H-z/, p-H-cr, a-H-/? and 
(/iz/) ^ (per); as expected since we have the symmetric metric Gij = Gji. The next two 
terms in the bracket of eq. OCSP can be directly written down 



;5{x',x)5{x',x")\g{x')\ 



^-gP'^gP<^g<^0 _)_ gPl^ gPi"' gP)" _|_ gP-l^ g^iP gO-}0 



6g,,{x") 2«2 

+ g°'^ gP-^P g"'^" — gP'^ g^^P g'^)P — gPP g^iP g'^)°' — g'^O' gP{P g'^)P _ g^ P gP{p g'^)^' 



Sgf^uix') 



—6{x,x")6{x,x')\g{x)\^^ 



--gP^gP^g-P + gP^ g^'^P g^^^ + g^'^g'^^^g'^'^^ 



+ g'^^g^^^'g^^" - g'^'^g^^^g"^" - g'^'g^^^g"^" - g^^'g^'^^g"^'" - g^'^g'^^^g''^'' 



These three components have a common factor 
1 



gP'^gP-g'^P + + g^"" g''^" g"^ ^ + g^'^g^^pg^^" 



(C9) 
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which is symmetric under (yuz/) ^ (per) ^ (a/3). Now eq. llCSP can be calculated as 



1 

2 



6G, 



giJ.i'ix')9p<Tix") 



^S{X,X')6{X',X") [gx(agp)r - X 

--g^"" g^" g"^ + g^'^g^^^g^^'" + g^'^g^^^'g"^^ + g""^ g^^" g"^" 
+ [-g^'"g''^''g"'^^ - g^^ g""^" g"^" - g'^'g^^^g"^^ - g^'^g^^^g'"^"] 
+ [-g'^^g^^^g''^" - g'^'g^'-^g''^'' - g^^g^^^g""^" - g^'g^^^g""^"] 
- [-g^'g^^'-g^^'' - g^" g''^'' g^^' - g'^'g^^'^g^^'' - g""" g'^'^g^'] ) 

The index contract can be computed directly. We finally have 

KXw) = S{x,xnx\x'')(-lg^^g''^g,^-5[',g^^^X. 



(CIO) 



+- 



gp'^51^5^,^ + g^^S^g^,^ + g^^g^^^g 



(Cll) 



We can summarize the non-vanishing Christoffel connection components as follows 



^ A^{x')A^{x") 

J- A^{x')g„p{x") 
^ gc.0{x")A^{x') 

gp„{x')gpa{x") 



^K'5l,'5:^5{x,x')Six\x") 
^ (^X'' - 2^iV^1 5ix,x')Six,x") 

-pAp.(x) 

^ A,{x')g^p{x") 



+\ igxrg'^'g"^'' - \gxrg'''g"' 



5{x,x")5{x\x" 



(C12) 



Appendix D: Functional derivatives 



Let us now calculate the functional derivatives S,i and S^ij. The functional derivatives 
over the graviton and gauge fields on a general background are decomposed as 

5S 5{Sg + Sm) 



Sgfiuix) 
ss 

SA^ix) 



SSg _^ 5Sm 
6g^y{x) Sg^u{x) 6g^y{x) 
5 {Sg + Sm) 5Sm 



6A^{x) 



6A^{x) 



(Dl) 
(D2) 
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We shall calculate the above quantities separately. 
SSm 



SAi,{x) 



and 



ss 



M 



2 



--\g{x)\-^T^'' 



where we have used = F^pF""^ for short and defined 



y^gix)Sg^^{x) " 4 



(D4) 



(D5) 



For the functional derivative with respect to the metric, we list the following formulas for 
convenience. 



(D6) 



and 



//pi/ — V pL-i 



Similarly, we have 

5Sg 



S9fiu{x) 
where we have used 



6(\g{x')\HR-2A) 



Sgni^ix) 



,(3_SRal3_ 

%i/(a:) 



Surface terms 



^-\g{xpE^'' 



(D7) 



and defined E^"' = l{R-2A)g'"' - R'"' . The Einstein equation can be obtained by imposing 



55 



0, 



(D8) 
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In the present paper, we are working in a flat background space-time. Since in this case we 
expand at a background that doesn't satisfy Einstein equation, we actually deal with the 
off-shell effective action. The connection term in eq. (lB32p is necessary to be included for a 
gauge condition independent result. For S^i , we summarize the flnal result as 



6S 



M 



SSg 



-{R-2A)g^"' - R"" 



6S 



M 



dJ\g{xt^F^") 



6S^ 



G 







(D9) 
(DIO) 
(Dll) 



The above formulas are true for general background space-time Qfj^^. 

Although we can expand the Lagrangian eq.( lB33l) straightforwardly for a flat background 
space-time, here we shall calculate S^ij for the expansion. We may use the following equations 
for convenience, 



6{\g{x')\-^F^) 



Sgf^uix) 



\g{x)\U{x',x) 



6 (\g{x')\-^F''P^ 6 (|^?(a;')|^^7"V"^p.) 



Sgt,u{x) 

\g{x')\h{x',x) 



Sg^Ux) 



In computing S ij, the following components are straightforward. 



G 



5A^{x)6A,{x') 
hi 



6A^{x)6A,{x') 



da \gix)\ 



1 6F''" 



6AJx' 



5„ ( |^(x) 1 2 [df'S'''' - d^Sf""] Six, x'] 



(D12) 



(D13) 



6^S 



M 



5A^{x)6gai3ix') 



d, 



\g{x)\2F^'^ 



Sgaisix') 
( g{x)\^5{x,x') 



2 



(D14) 
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The rest parts are much more comphcated. The matter part has the form 



M 



6 



[x)6gai3ix') A6ga(3ix') 



g{x) 



1 



-.9 



16 



+ ^F^'^g''^"F^^'' - ]^F^'„g"^''F^> - ^g'^'F^^F'^" - ^g"'^ F^'^F""^ 



For the gravity part, we have 



G 



Sgt,u{x)6ga(5{x') 



--\gix)\-^6{x,x'){{R-2A) 



- g^'^'R''^ - g'^'^R^" 

5Rn 



Sgal3ix') 



where ^r^^^^ can be worked out by using eq. (lD6p . 



Appendix E: Euclidean flat Background 



In the following discussion, we will focus on the flat background space-time and consider 
the one-loop contribution to the gauge effective action from the graviton. We expand the 
fields, ip^ = {g^j^iy, Afj^), at the background-fields, = (5/^1., A^), 



(El) 



Expansion of the action in flat background space-time is straightforward by directly replacing 
the fields with above equations. One can also work out first the functional derivatives, S^i 
and S^ij, and then consider the effective Lagrangian i?]*?]-' \S^ij — TfjS^k + ^Xa'''X°',j] ; as we 
shall show below in detail. 

Using the formulas given in the previous appendix sections and imposing the flat back- 
ground space-time, we have 



5Sm 



X 



6S, 



G 



-ASP" 



SA^{x) 



6S, 



G 



6A^{x) 



(E2) 
(E3) 
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For Sii, the most complicated one is t — r4-r — r-n, and we need the following result 



2<5;;a'')9.) - 5("5^)n - s'^^d.d^ s{x,x') 



putting all together, we can show that 



G 



1 

~2 



K 



2 



We may summarize the following formulas with flat background space-time, 



G 



6Af,{x)6A^{x') 



G 







SA^{x)5A,{x') 



6Ai^{x)6gai3{x' 
= [d'^d" -d^S'"']S{x,x') 



5Au,{x)5ga(s{x') 



dy ( 8{x,x') 



2 



and 



M 



5{x, x') 



1 _ 1 _ 

16 8 



G 



^gnv{x)5go,ji{x') 



'^5{x,x') 



2 



+ — X 



so far we have the pieces to calculate the covariant derivative for the classical action with 
respect to and to expand the terms which are necessary for one-loop calculation of 
Vilkovisky-DeWitt effective action. We shall work out the needed effective action by ex- 
panding and truncating piece by piece. 
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1. Ordinary derivative terms \rfS^ijrf 

Let us first consider the quadratic terms on the quantum gauge field a^, 



if''- 



= ^ y d^xa^{x) [d^d"" - d^S^""] a,{x) 



(E4) 



This part together with the gauge fixing term will give the propagator of gauge boson. With 
including cosmo logical constant, it will be seen in the connection terms that other terms 
will contribution as well. The quadratic terms cross on graviton h^i, and gauge field are 
given by 



1 If 



5^S 



M 



5Af,(x)5gai3(x') 



Khap{x') 



(E5) 



and the same terms for ^nhS^gAa. There are also quadratic terms on graviton field /i^^, 



— kHS ggHh — — I d Xd X hay{x) — -. r-r -. — 













+ 



(E6) 



The first term associated with A in the parenthesis may act as a mass term for graviton, 
and will display itself in the graviton propagator. 



2. Manifold connection terms —^rj^FfjS^kV' 



Since we are working in a flat background space-time, which is not a solution of Einstein 
equation in the presence of matter fields, we need to include the connection terms for yielding 
a gauge fixing condition independent result in the Vilkovisky-DeWitt's framework. The 
quadratic terms on quantum gauge field are. 



ss 



Sgu.u{x) 



d^x i --Ad^" - -k" 
2 8 



(E7) 
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As we can see from the above equation that, with the non-zero cosmological constant, the 
connection induced interactions with the term 2Ka^a^ will change the gauge propagator. 
This also happens in the graviton part as we can see above. The quadratic terms cross on 
graviton /i^,^ and gauge field are. 



5A^{x) 



(E8) 



which involves the term d\F^^ and will not contribute the corrections to F"^ operator in our 
calculation. The quadratic terms on graviton h^^^ are given by. 



■-KhV^KhS. = f d^xd^x'd^x"h,,Ax')T'^^^''^ 
2 yy ' 2 



^ I d xh^yhpfj 



-S^'^d'^'F^ - -5>"'5P''F'^ + -dP^F^'o.F'"^ - d^^F^^^F" 
4 8 2 



(E9) 



These are interacting terms between graviton and gauge boson from the connection terms, 
which is crucial for gauge condition independent calculation. 



3. Gauge Fixing terms -^rfKaiK'^r]^ 

For getting proper propagators, we shall also include the gauge fixing term. The Landau- 
DeWitt gauge is defined by eq. (1B30P with Xa = Kl^[ip]gij[(f]r]^ = 0. For the gravity, we 
have 



Xc 



d'^x'd'^x" ([-5^,^81 - 5^,d'^] 5{x',x)^ U^'^pS''^'' - \5^'''5'"'\ 6{x' ,x")Khp„{x") 



+ [-A^^^,{x')-A^{x')d'^] 6{x',x)6^"'5{x',x")a^{x") 



2 

K 



with h = S^uh^'^ . For the gauge field, we yield 

Thus the Landau-DeWitt gauge conditions (a; = 1) are found to be 

XX 



K L 



X 



-d^a,. 



(ElO) 

(Ell) 

(E12) 
(E13) 
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where w is a parameter introduced 25| for a comparison with the traditional background- 
field method with harmonic gauge(u; = 0). It is tempting to impose d^'a^ = in eq. (lE12p . 
we shall discuss it late on as this term can bring quartic divergences which may break the 
f/(l) gauge invariance. 

The gauge fixing term can be written explicitly as 



(E14) 



where ^ and C, are gauge fixing parameters for gravity and gauge fields, respectively. The 
gauge fixing terms are given by 



GF 



1 



d^hpx - -dxh 



-dxh 
2 



(E15) 



4. Ghost part 



It has to include the ghost's contributions as we are working in a gauge that induces the 
ghost-gauge coupling. The action of the ghost part is 



Q - n" r-i /3 -x^XxS(f 



dip' 6eP 
Sgho + Sghi + SgH2 



6(p' 6e 



_Sx Sip' 

c + c- 



Sip' Se 



_Sx Sip' 

c + c- 



'Sip' Sep 



where and c denotes the corresponding ghost for gravity and gauge feilds, respectively. 
For the evaluation of one-loop two-point Green's function, we can drop terms with quantum 
fields hpy and since the ghost and its anti-ghost will form a loop, one more quantum field 
needs contract with another quantum field, forming the second loop. The action is the sum 
of the following four parts, 

Sx{,x) 



_Sx Sip' 



Sip' Se 



c = 




(pi J 





C[X]-r——-K'^ {x',x)c{x) 

Sip'{x') ^ ' ' ^ ' 



which is the free part of Lagrangian for the ghost of the f/(l) gauge theory. And 

TiXi 



-x^Xx Sip' 



Sip' Sep 
d'^x 



= 




(pi J 





-c^Dcp - ujc^F\A^^pc" - uJc^F\Apd^cP - ooc^AxApDcP - uc^ AxA^^pd" c" 
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where the first term in the bracket gives the free part of Lagrangian for the gravitational ghost 
introduced by fixing the general coordinate transformation, and other terms are treated as 
interactions. These interactions are proportional to 00, and indicate that in harmonic gauge 
u = 0, gravitational ghost and anti-ghost do not interact with gauge fields. However, there 
are still interactions like cAc'^ in the Lagrangian for arbitrary cu. 



c = 


f d'^xd'^x'd^x 







5ip^ 5e 

^ u j d^x [c^AxUc + c^F^S^c] , 



and 



_5x Sep' 



Sip' def 



c" = 




(pi J 





= J d^x [cA^^i^pC' + cA^,pc''^ + cApUc' + cAp^^c'''''] . 
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